Recently, spatially inhomogeneous cosmological models have been proposed as an alternative to the ΛCDM model, with the aim of reproducing the late time dynamics of the Universe without introducing a cosmological constant or dark energy. This paper investigates the possibility of distinguishing such models from the standard ΛCDM using background or large scale structure data. It also illustrates and emphasizes the necessity of testing the Copernican principle in order to confront the tests of general relativity with the large scale structure.
I. INTRODUCTION
The analysis of all existing astrophysical data sets, including the observation of the cosmic microwave background [1] , type Ia supernovae (SNIa) luminosity distance measurements [2] and the large scale structure [3] [4] [5] ) leads to the conclusion that our cosmological model requires the introduction of a cosmological constant, representing 72% of the total matter content of the Universe today, together with a Cold Dark Matter component which significantly dominates ordinary baryonic matter. Although such a model remains the best fit to all available cosmological data, understanding the physical origin of the late time acceleration of the cosmic expansion motivates many investigations on the basis of our cosmological model [6, 7] .
As long as the Copernican principle is assumed to hold, there are two possibilities which could explain these observations. Either one introduces a dark energy component (the cosmological constant being the simplest possibility) or one allows for a modification of General Relativity on astrophysical large scales (see e.g. Ref. [8] for a recent review and Ref. [9] for recent reviews on the large variety of dark energy models).
The standard concordance model of the universe lies heavily on the assumption that the universe is spatially isotropic and homogeneous on large scales and can thus be described by a Friedmann-Lemaître (FL) spacetime. Since this principle stands at the heart of our interpretation of all cosmological observations, it is important to ensure that it holds with a sufficient accuracy on the scales on which we perform our observations. Recently, various tests of the Copernican principle have been proposed [10] [11] [12] [13] . It was also shown that the need for dark energy can be suppressed if our universe is inhomogeneous on scales of some fraction of the Hubble radius [14] [15] [16] [17] 19] , the underlying reason being that we actually have access to data only on our past null cone so that it is possible to design spacetime geometries that will enjoy the same (low redshift) past-light cone structure as the one of a FL model without introducing a cosmological constant [14] [15] [16] [17] (see however Ref. [18] for some limitations).
In any FL model, the complete dynamics of this universe is encoded in a single function of time, the scale factor a(t). This implies that all the background observations, e.g., luminosity distance-redshift relation, angular distance, look-back time, etc.., are functionals of the Hubble rate H(z). More importantly, in a ΛCDM model, the late time growth of density perturbation on sub-Hubble scales is also a function of H(z), provided we restrict ourselves to linear evolution. This implies that there exist rigidities between different set of independent observables ( from the background and at the level of perturbation theory) that can be used to test the underlying hypothesis of the model [6] [7] [8] .
The goal of this article is to investigate how two models that reproduce the same background data on the pastlight cone can be distinguished. In Section II, we recall the main properties of the background spacetime and we emphasize that the time drift of the cosmological redshift is not only in principle but also in practice a good test of the Copernican principle. Section III describes the perturbation theory and discusses various approximations. In Section IV, we describe the integration of this simplified model in order to obtain the transfer functions on the past light-cone. This exercise allows us to describe the way one distinguishes a LTB model from a Friedmann model that share the same light-cone background structure. It also clearly illustrates one of the important limitations of most of the tests of general relativity on astrophysical scales since they encode the Copernican principle in their construction.
II. BACKGROUND SPACETIME DYNAMICS
A. Description of the geometry
We consider a spatially spherically symmetric and inhomogeneous universe described by a Lemaître-TolmanBondi (LTB) the metric [20] :
with X = R ′ , using the convention
as well as the two Hubble expansion rates
3)
The field equations for such a spacetime are given bẏ
from which it can be checked that the continuity equatioṅ
is satisfied. These equations can be solved parametrically as
6) where we have defined φ(η) = (η − sin η, η 3 /6, sinh η − η) andk = (k, r −2 , −k) respectively for k positive, null and negative and defined m(r) = M (r)/r 3 . This solution involves three arbitrary functions M (r), t B (r) and k(r) (or equivalently E(r)) but only two of them are actually needed since one can fix one of them by a proper choice of the radial coordinate r.
To finish this description of the background spacetime, let us compute the expressions ofṘ, R ′ andṘ ′ that we will need later on. It is obvious from Eq. (2.4) thaṫ
Then, from Eq. (2.6) we deduce that
The case of a spatially homogeneous universe is recovered in the case where t B (r) = 0, m =constant and k = constant. It follows that R(r, t) = a(t)r and X(r, t) = a(t) where a is the scale factor. The spacetime metric thus takes a FL form
with f K (χ) = (sin χ, χ, sinh χ) depending on the sign of K.
B. Light cone equation
Most of our analysis focuses on what is actually observed on our past light-cone, which can be defined by solving the null geodesic equation. Given a null geodesic with tangent vector k µ , the redshift of any object is defined by
where u µ is the tangent vector to the matter worldlines. It follows that the geodesic equation k µ ∇ µ k ν = 0 for a null-vector reduces to
This defines our past lightcone that we shall denote by
The redshift is the observational radial coordinate which can be expressed as a look-back time or distance, assuming a cosmological model [21] . One can indeed use either r, t or z as integration variable, the important point being that only 2 of the three quantities (t * , r * , z) are independent. When evaluated along the past light-cone, the function R(r, t) is related to the angular distance D A by
This observational relation can be used to set one constraints on the two arbitrary functions of the LTB spacetime. It is useful to redefine the functions introduced previously when evaluated on the past-light cone as This approach was investigated in Ref. [16] who designed various LTB solution sharing the same D A (z) relation as a FL spacetime by imposing either t B = 0 or k = constant. We follow the same line and consider LTB models that reproduce the angular distance-redshift relation of a fiducial standard flat ΛCDM model. For such a FL universe
with Ω Λ0 = 1 − Ω m0 . H 0 is the Hubble parameter evaluated today and the density parameters are defined by Ω m0 = 8πGρ m0 /3H 
We thus impose that 25) so that both cosmological models enjoy the same angular distance-redshift relation (and thus luminosity distanceredshift relation, as can be observationally determined from SNIa observations).
2.
A model mimicking the background light-cone dynamics of a FL universe
To completely specify the model, we need to impose another condition on the LTB model. In order to construct a model that would mimic a fiducial flat Λ-CDM as close as possible, we follow Ref. [14] and further assume that the LTB matter energy density distribution along the light-cone, ρ(z), matches the observed mass density as a function of redshift as determined in the fiducial ΛCDM model, that is
This assumption allows to determine r * (z) [14, 17] , and in the particular case of a flat ΛCDM, this implies [22] dr
Comparing with Eq. (2.14), this means that, under the choice (2.18) for the radial coordinate,
We then follow the reconstruction procedure described in Refs. [14, 17] and our result agrees with those published in these works. Figure 1 depicts the function m(r) and k(r) obtained from this reconstruction.
Eqs. (2.7-2.9) imply that when r → 0, R/r → 1 while m → Ω m0 H 2 0 and k → (Ω m0 − 1)H 2 0 . The last free function t B (r) can be reconstructed from Eq. (2.9) but we will not need it explicitly in the following. Imposing that t B (0) = 0, we can compute t 0 from (2.6), after evaluating η 0 .
D. Distinguishing the two models
The LTB model defined in the previous section was designed to strictly mimic the luminosity (or angular) distance redshift relation and the mass density-redshift relation of the fiducial ΛCDM model.
In order to distinguish these two models, one needs to find another independent observable quantity. It was recently pointed out that one can extract some information of the dynamics off the light-cone by considering the time drift of the cosmological redshifts [10] . While advocated as a test of the Copernican principle its amplitude in a non-FL model was not estimated. This can easily be obtained for the LTB model under investigation. We first remind that the time drift of cosmological redshift in a LTB universe takes the form [10, 23] 
which generalized the original FL-expression [24] . Indeed in a FL-model H ⊥ = H = H so thatż derives from H(z), as any other background observations. However, in our LTB-model
This was used to demonstrate thatż[z] allows to fully close the reconstruction system without resorting to making assumption on the matter energy density profile along the light cone. Figure 2 compares the expected time drifts of the cosmological redshift for the LTB-and FL-models. ∆z = z∆t obs has a typical amplitude of order 10 −9 on a time scale of ∆t obs = 20 yr, for a source at redshift z ∼ 4. This measurement is impossible with present-day facilities. However, it was recently revisited [25] in the context of ELT, arguing they could measure velocity shifts of order 110 cm/s over a 10 yr period from the observation of the Lyman-α forest. It is one of the science drivers in design of the CODEX ultrastable spectrograph [26] for the future European ELT. Indeed, many effects, such as proper motion of the sources, local gravitational potential, or acceleration of the Sun may contribute to the time drift of the redshift. It was shown [27, 28] , however, that these contributions can be brought to a 0.1% level so that the cosmological redshift is actually measured. The data points and error bars of Fig. 2 follows the forecast of Ref. [26] . Our analysis confirms the recent analysis by Ref. [29] , which also suggests to use the cosmic parallax.
E. Discussion
The result of Fig. 2 demonstrates that the information off the light-cone allows to distinguish a Λ-CDM from a LTB-model specially designed to have the same luminosity (or angular) distance redshift relation and the same mass density-redshift relation as the a Λ-CDM. In the case of a dark energy model both D L (z) andż are modified, and little insight is gained on the equation of state from adding the new information onż [30] . The case of the large scale inhomogeneity turns out to be different and theż observation would provide, when available, an interesting extra-test of these models that cannot be performed otherwise.
Indeed, Fig. 2 was obtained by forcing D A (z) to match the ΛCDM prediction up to z ≃ 4 while SNIa data [2] extend roughly to z ∼ 1.6. Following e.g. Ref. [31] , one can try to design density profiles such that the LTB model reproduces the ΛCDM-D A (z) at low redshift and becomes homogeneous on large scales. Note that reproducing ρ and D A of a flat-ΛCDM imposes that H ⊥ (z) = H F L (z). Now, assuming that it fitsż F L and ρ at high redshift implies that H ⊥ = H = H F L . While attractive, such models seem however difficult to construct since they usually require that M ′ < 0 between these two regimes. This example demonstrates the complementarity of these two observables since they concern two domains of redshift. To go further in distinguishing such a model from its FL-twin, we shall now consider the influence of the large scale inhomogeneity on the growth of large scale structures.
III. EVOLUTION OF DENSITY PERTURBATION IN A LTB UNIVERSE
A general study of the perturbation theory around a LTB background was performed using a coordinate based approach in Ref. [32] , and the general features of the growth of density perturbations were discussed in Ref. [33] . The goal of this section is to investigate the evolution of the density contrast using the 1+1+2 formalism, and to obtain an approximation for the evolu-tion equations. We also discuss how the density contrast variable introduced here can be related to observations. A. General formalism
1+3 formalism
In the 1+3 covariant approach [34] , in which one introduces the worldline tangent vector u a (u a u a = −1), one first introduces the projection tensor h a b ≡ δ a b + u a u b . This projection tensor defines two derivatives for any tensor T a b , the covariant time derivative along the fundamental worldlinesṪ
and the fully projected covariant derivative D e via
where we fully project on all free indices.
The projection tensor h ab allows for any 4-vector to be split into a scalar part parallel to u a and a 3-vector part orthogonal to u a . Similarly, any second rank tensor may be covariantly and irreducibly split into scalar, vector and projected, symmetric, trace-free (PSTF) 3-tensor parts.
We can also split the covariant derivative of u a into its irreducible parts as
This uniquely defines the following kinematic quantities: A b =u b is the acceleration, the trace Θ = D a u a is the (volume) rate of expansion of the fluid (with H = Θ/3 the Hubble parameter), σ ab = D a u b is the trace-free symmetric rate of shear tensor describing the rate of distortion of the matter flow, and ω ab = D [a u b] is the skew-symmetric vorticity tensor, describing the rotation of the matter relative to a non-rotating frame. It is also useful define a scale factor a along the fundamental worldlines viaȧ
1+1+2 formalism
We now employ the 1+1+2 formalism [35] , that builds on the 1+3 formalism by allowing a further "spatial" slicing with respect to a spacelike unit vector field n a , which is orthogonal to the timelike 4-velocity vector (u a n a = 0). The 1+3 projection tensor h a b combined with n a gives rise to a new projection tensor N a b , which projects vectors and tensors onto the 2-surfaces orthogonal to n a and u a that are referred to as the 'sheets':
Analogously to the 1+3 formalism, N a b defines two new derivatives for any object T ··· ··· :
The ′ -derivative is the (spatial) derivative along the vector field n a in the surfaces orthogonal to u a analogous to the time derivative defined in (3.1), and the d e -derivative is the projected derivative on the sheet analogous to the projected derivative D e defined in (3.2) 1 . See Ref. [35] for a detailed presentation of the 1+1+2 formalism and the appendix for a summary of the key equations.
The LTB case
For a LTB spacetime all vectors and tensors as well as vorticity, acceleration and the magnetic part of the Weyl tensor vanish at background level. It can be further shown that the expansion, the only non-vanishing component of the shear Σ = n µ n ν σ µν and of the electric part of the Weyl tensor E = n µ n ν E µν are given by
and
We depict their evolution on the past light-cone in Fig. 3 , and they satisfy the following general evolution equations:ρ = −Θρ, (3.11)
B. The density perturbation equations
We can decompose the standard dimensionless normalized density gradient D a ≡ a h ab ∇ b ρ/ρ into a part ∆ a that lies in the sheet and a part perpendicular to the sheet: where we recall that
In this way we can define a gauge-invariant density contrast δ:
Defining the auxiliary perturbation variables in the sheet
where
we can derive a set of 4 gauge invariant perturbation equations (neglecting the magnetic part of the Weyl tensor)δ
The set of equations (3.20-3.24) provides a complete description of the evolution of the gauge invariant density contrast in situations where the magnetic part of the Weyl tensor can be neglected. This 'silent" approximation can be thought of as neglecting the coupling between density perturbations and gravitational waves in pressure-free models and has been widely studied in the context of non-linear gravitational collapse [52] . The above equations can be solved iteratively as follows. Expanding the perturbation variables in the form δX i = δX 0 + f ī a δxā, (with i = 1 . . . 4 and the short-hand notation δX 1 = δ etc.), we obtain a set of homogeneous equations for the leading part of the perturbationṡ
with the corrections evolving according to equations of the formḟ
The homogeneous equations can then be combined to give a pair of coupled second order equations
The first one is similar to the standard one in FL models, but with a source term proportional to the background and perturbed shear so that it is coupled to a second differential equation for δΣ 0 . In the cases where the above approximations are not valid, one needs to consider the considerably more complex full set of 1+1+2 equations that is described in the appendix.
IV. TRANSFER FUNCTIONS AND INITIAL CONDITIONS A. Back to Friedmann-Lemaître spacetime
Before investigating the growth of structure in a LTB universe, let us recall the relations between the background dynamics and the growth of large scale structure in a flat ΛCDM model.
Since the cosmological constant develops no perturbation, and since the growth of the density perturbations of the pressureless CDM component is dictated by general relativity, it implies that in the linear regime, the evolution equations reduce to the two equationṡ
that is toD
where the CDM density contrast has been decomposed as δ(x, t) = D + (t)ε + (x) + D − (t)ε − (x), ε ± encoding the initial conditions. This equation can be recast in terms of a as time variable [36, 37] as
Since D − = H is a solution, the growing mode is given by
In our particular case, this can be integrated analytically as
This implies that if H(z) is known from background observations, such as SNIa, then D + (z) is fixed and is thus not an independent quantity in this framework. There is a rigidity between the expansion history of the background and the growth rate [36, 38] . This has attracted attention since this offers a test of the ΛCDM model [39, 40] . Moreover, Eq. (4.1) implies that ϑ ≡ δΘ/H is related to the density contrast by
where the function f can be parameterized as [41, 42] 
for the growing mode. Then, if general relativity is not modified, the index γ can be computed once H(z), or equivalently the dark energy equation of state, is known and it was shown [43, 44] that γ = 0.55 in the case of a ΛCDM. Since γ can be measured from galaxy redshift surveys [46] , thanks to the redshift distortion [45] , it was argued that the value of the parameter γ offers a test of general relativity [39] .
B. Structure of the LTB growth rate equations
In a LTB spacetime, and under the approximations discussed in Section III, we need to solve a set of 4 differential equations that can be recast aṡ
where X i = (δ, δΘ, δΣ, δE) and where the matrix M ij depends only on r and t through the background quantities Θ, Σ, ρ and E. It follows that the general solution is of the form
where the angular dependence stems only from the initial conditions so that the transfer functions depends only on r and t. When interested in observations such as weak-lensing, one integrates along the light-cone so that only T ij (z) = T ij [r * (z), t * (z)] is actually needed (see Ref. [33] ).
Integrating the perturbation equations
In order to compute the transfer functions, we proceed as follows (see Fig. 4 ).
• Using the reconstruction along the past light-cone, we integrate for each z the background equations (3.11-3.14) from t = t 0 − r * (z) toward the interior of the past light-cone at r = r * (z) constant. This provides the background quantities ρ(t, r), Θ(t, r), Σ(t, r), and E(t, r) for this particular r in agreement with the constraint that R = D A and ρ = ρ F L on the past light-cone.
• We then solve the perturbation equations with this background functions from an initial time t init up to t * (z) considering the four sets of initial conditions:
For each set α, we obtain 4 transfer functions T iα .
Such an integration procedure is made possible because the background equations involve no gradient term, so that each shell of constant r evolves independently and because, in the silent approximation used in this work, the perturbation equations enjoy the same property. In this approximation, the spatial inhomogeneity of the background spacetime reflects itself only on the fact that a structure observed at a redshift z had a growth history along the shell r = r * (z) which is different from the other shell. This is a major difference with the FL situation in which, as soon as we are dealing with a pressureless fluid, all the structures have the same growth rate from z to 0, independently of their growth rate at higher redshift. First, this procedure can be tested on the FL model for which Σ = 0 so that (δ, δΘ) decouples from (δΣ, δE). Focusing on the matter density contrast δ, we compute the two transfer functions T ρρ and T ρθ corresponding respectively to the initial conditions (δ, δΘ) = (1, 0) and (δ, δΘ) = (0, 1). None of these transfer functions corresponds to the growing mode (4.4) that is obtained from the initial conditions (δ, δΘ) = (1, −f + (t init )H init ) so that
(4.11) Figure 5 shows that this is actually verified numerically. Note that even though we reduce the dimension of the space of initial conditions by picking up the growing mode, we still need the two transfer functions. Indeed one can also check that δθ
Initial conditions
To compute the transfer functions of the LTB model, we need to specify an initial spatial hypersurface. Any 3-dimensional spacelike hypersurface {r = t init (r)} is a priori possible but three choices can be argued to be natural: (i) a constant time hypersurface, (ii) a constant density hypersurface or (iii) a constant t − t B (r), i.e. a constant proper time after the big bang. Indeed, in a FL model, these three possibilities reduce to the same hypersurface.
For the purpose of the illustration, we decide to set the initial conditions on a constant time hypersurface, as in Ref. [33] , but we cannot justify this choice further here. Then, applying the procedure described in Section IV B 1, we obtain the transfer functions. Figure 6 describes the four transfer functions needed to compute the density contrast on the past light-cone. 
Comparison of the two models
With the previous prescription, the two transfer functions T ρρ and T ρδ for the two models look similar in shape and amplitude.
To compare the growth rate, one needs to know the initial conditions, or at least the relative initial value of δ, δΘ, δΣ and δE. As we have seen in Section IV B 1, a particular choice of (δ, δΘ) allows to pick up the growing mode. We have no indication of the linear combination of the transfer functions that are related to the growing mode in the LTB case. In order to compare the growth rate, we assume that at early time the universe was well described by a FL-model and that the void evolves at lower redshift. In such a case, the initial conditions can be set by their FL analog for the growing mode. From Eqs. (A28) and (A31), we deduce that
(4.12) and for the growing mode
It corresponds to the growing mode of the density perturbation if the universe has evolved from a FL-phase and if the density perturbations had time to reach the FL growing mode before the effect of the void on the evolution of the perturbations starts being non-negligible. Indeed, we have no proof that it is the growing mode of the LTBsystem. Note that the 4 transfer functions are needed to described the evolution of the density, even though the initial conditions can be reduced to the single random variable δ init (r, t init , θ, ϕ). Fig. 7 compares this solution to the growing mode of various FL-models. All models are normalized at high redshift, and we can see that the LTB-model has more structure at small redshift and that its growth rate is qualitatively similar to the one of a closed FL-model. We can also note that it seems impossible to find a linear combination of the 4 transfer functions that would mimic the growth rate of the ΛCDM model. This is an interesting conclusion, given our ignorance of the initial conditions. Indeed, in general, we expect the initial conditions to be not simply a linear combination but of the form
15) and 16) that is involving three arbitrary functions of r. Unless we have theoretical constraints of f Θ , f Σ and f E , the growth rate (4.14) can be tuned at will. It follows that the determination of the growth rate is more likely to teach us on the initial conditions than to be used as an extra-data for the reconstruction program. As emphasized, in the ΛCDM, the growth rate and the background dynamics are not independent so that we have relation such as Eq. (4.7). For the ΛCDM, γ = 0.55 and slight deviation from this value are expected for dark energy models in which general relativity is not modified [39] . The index 17) introduced in Ref. [40] should not deviate significantly from 0. γ and Ω m are determined from background observations and thus coincide with their ΛCDM values. It was shown that ε can typically vary between 0.05 and 0.25 for modification of general relativity of the f (R)-class [40] . Using the numerical solution corresponding to Fig. 7 , we estimate that ε can reach 0.1. The deviation arises from the fact that the perturbation equations involve the shear and the electric part of the Weyl tensor and indeed not from a deviation from general relativity. This illustrates that it is indeed important to ensure the validity of the Copernican principle when applying tests of general relativity based on the large scale structures since they usually implicitly assume its validity. To finish, let us also emphasize that any observable, O say, entangles the properties of the transfer functions and of the initial conditions. In general, it can be written as an integral along the line of sight as
where δ stands for some combination of the perturbation variables and w for some window function that depends on the observable (e.g. for weak lensing in a FL universe δ will correspond to twice the gravitational potential and w can be expressed in terms of angular distances). In a Friedmann-Lemaître universe, as long as we focus on the evolution of dark matter, we have that δ(x i , t) = T (t)δ init (x i ) so that the correlation function of O takes the form
with cos θ = n 1 .n 2 and where the correlation function of the initial condition, ξ init is a function of |x
2 | only because of isotropy and homogeneity. This integral is usually easily evaluated in Fourier space. On small scales, the initial conditions decouple from the evolution mainly because the power is mainly carried by modes perpendicular to the line of sight (which is at the basis of the Limber approximation) but the initial power spectrum has to be such as this property holds, which is the case for an almost scale invariant power spectrum. In a LTB universe, there are two main differences with the FL case. First the transfer functions depend on r and t so that δ(x i , t) = T (r, t)δ init (x i ) and second the initial correlation dunction is a function ξ init (r(z ′ ), r(z ′′ ), cos θ)
It follows that the spatial dependency of the transfer functions mixes with the one of the initial conditions and that we cannot ensure a priori that a condition similar to the Limber property will exist. Indeed, once a theory of the initial conditions compatible with the origin of a large scale inhomogeneity exist, one can use our analysis to compute the angular power spectrum of the observable O. While being focused on the properties of the transfer functions, our work however show that if ξ initi is identical as in a FL universe then the effect of the evolution can lead to significant effect.
V. DISCUSSION
In this article, we have used a LTB model that mimics a FL model on the past light-cone in order to shown that these two models can still be distinguished by background observations that encode information "off" the light-cone, as for instance the time drift of cosmological redshift. While such an observation was advocated as a test of the Copernican principle in Ref. [10] , the amplitude of the difference with the ΛCDM prediction had not been estimated. We have shown that it can be significant and that it can allow to exclude a large class of LTB models even though they look similar to FL models at the background level.
Then, we investigated the information that can be extracted from large scale structure. Assuming that the curl of the magnetic part of the Weyl tensor can be neglected, we have shown that one can extract a closed system of 4 perturbation equations. Our derivation clarifies the link with the gauge invariant variables of the 1 + 1 + 2 formalism. On small angular scales, we argued that one can make a silent approximation. Under such conditions, our set of equations for scalar perturbations reduce to the ones used in Ref. [33] .
We have detailed a procedure to compute the transfer functions of this system of perturbation equation, once the background data is known on the past light-cone and we explained how the corrections at first order in the connecting vector can be obtained. We emphasized the difficulty in determining a set of the initial conditions, i.e. to define the hypersurface on which they are defined and the relation that could exist between the different modes (in particular to extract the growing mode).
Indeed, our discussion of the perturbation dynamics is more illustrative than quantitative for two reasons. The first one is mainly technical since we have used the silent approximation instead of solving the full set of 1+1+2 equations. This can only be achieved numerically and is left for further investigation. The second is related to an intrinsic limitation concerning our ignorance of the initial conditions: (1) we do not know the hypersurface on which they have to be specified and (2) while we have been able to compute the transfer function, we are not able to specify their exact combination that corresponds to the growing mode. While in a FL universe, the late behaviour of the growth function of dark matter reduces to a function of time, or equivalently of redshift, it is in the LTB case a function of t and r that reduces to a function of z on the light-cone. This implies a further limitation since the large scale structure properties strongly entangle the evolution and the initial conditions. It is thus difficult to close the reconstruction program unless we have some constraints on the initial condition. Nevertheless, our investigation shows that we cannot find a linear combination (with constant coefficients) of the transfer functions that reproduce the growing mode of the ΛCDM. It also illustrates explicitely one limitation of the tests of general relativity based on the large scale structure (e.g. the γ-index is difficult to generalize to a LTB spactime because Eqs. (4.6-4.7) have to be reconsidered).
This emphasizes the importance to test the Copernican principle to validate the test of general relativity based on the properties of large scale structures and illustrates the effect of the assumption on the large scale geometry of our universe on these tests. In that respect both the time drift of the cosmological redshifts and the growth of density perturbations give access to the spacetime structure beyond the light-cone and are thus key observations for our understanding of the geometry of our universe.
2. The LTB case For an almost LTB universe, P = 0, q a = 0, π ab = 0 so thatu a = 0. It follows that the Riemann tensor can be decomposed as R ab cd = P R ab cd + E R ab cd + H R ab cd with
The two first terms contain background and first order term while the third is purely first order. It follows that 
where we have used the decomposition of k a . Now, using the decomposition (A1) for the electric and magnetic Weyl tensors (reminding that N ab = h ab − n a n b = e Let us now turn to the perturbations. The expression (B8) shows that the perturbation will enter both the shear and the convergence. Interestingly the shear vanishes at the background level. We can formally integrate the Sachs equation to get
Indeed the splitting R IJ = R
IJ + R
IJ is ambiguous but can be used to obtain the expression of the shear since it vanishes at the background level. Note however that the gauge issue strikes only the convergence since the shear vanishes at background level. We conclude that, since γ 1 = (A 11 − A 22 )/2 and γ 2 = (A 12 + A 21 )/2 (where the symmetrisation allows to get rid of the rotation that cannot be observed), we have 
